Abstract: We study the charge density, form factors and spin distributions of the electron induced by its |eγ light-front Fock state in impact parameter space. Only transversally compact Fock states contribute to the leading behavior of the Dirac and Pauli form factors as the momentum transfer tends to infinity. Power suppressed contributions are not compact, and distributions weighted by the transverse size have end-point contributions. The Fock state conserves the spin of the parent electron locally, but the separate contributions of the electron, photon and orbital angular momentum depend on longitudinal momentum and impact parameter. The sign of the anomalous magnetic moment of the electron may be understood intuitively from the density distribution, addressing a challenge by Feynman.
Introduction
The density of quarks in hadrons as a function of their transverse position (impact parameter) b is given by exclusive electromagnetic form factors [1] . In recent years this fully relativistic connection has attracted considerable interest [2, 3, 4, 5, 6] . The densities are defined at equal Light-Front 1 (LF) time x + and integrated over the longitudinal momentum fraction x of the quark. Transverse density profiles of the nucleon and deuteron have thus been determined from form factor data [5, 6] . Generalized parton distributions (GPD's) allow to simultaneously determine the charge densities in x and b. While it is difficult to extract GPD's from data on hard exclusive processes, the proton density in (x, b)-space has been studied using GPD models [2] .
Here we apply the above methods to the QED electron. The structure of the electron is interesting in its own right, but it also serves as a field theory model for hadrons. Several studies have been made of the |eγ Fock state of the electron with this in mind [8, 9, 10, 11] . Here we give closed forms for the electron wave functions in impact parameter, valid in A + = 0 gauge. The electron density has a finite width in b even as its x → 1, and the impact parameter distribution of the photon becomes infinitely broad in this limit. We determine the transverse size distribution of the Fock states that contribute to the Dirac and Pauli form factor at any Q 2 . Only compact states contribute at high Q 2 , but the convergence is rather slow, especially for large momentum fractions x of the electron. This indicates that color transparency is more difficult to observe in exclusive form factors than in deeply exclusive meson production. In A + = 0 gauge the electron spin is preserved locally in x and b, in the sense of expectation values: J z = S z e + S z γ + L z eγ . The relative magnitudes of the three expectation values have an interesting dependence on x and b.
Studies of density and spin distributions in impact parameter space will hopefully assist in gaining a more intuitive understanding of relativistic systems. The importance of this was emphasized by Feynman at the 1961 Solvay conference. Concerning the anomalous moment of the electron Feynman notes [7] : "We have no physical picture by which we can easily see that the correction is roughly α/2π, in fact, we do not even know why the sign is positive (other than by computing it)". The relation between form factors and densities seems to allow an intuitive understanding of the sign of the electron's anomalous magnetic moment.
Wave functions in transverse position space
The impact parameter density ρ 0 (b) of a spin 1 2 target with helicity λ is defined as the Fourier transform of the electromagnetic form factor,
1 We use the notation x ± = x 0 ± x 3 and denote four-vectors as
in the Drell-Yan frame where the virtual photon momentum q = (0 + , 0 − , q). Here F 1 is the Dirac form factor, J 0 is a Bessel function and Q 2 = q 2 . The fact that ρ 0 (b) may be regarded as a charge density is seen by expressing it in terms of LF wave functions ψ λ n (x i , b i , λ i ) describing an n-particle Fock state at a given LF time x + , with constituents carrying momentum fractions x i , located at (relative) impact parameters b i and having helicities λ i . Using the conventions of Ref. [4] the transverse momentum states appearing in (2.1) have the Fock state expansion
and are expressed in terms of states localized at transverse position b by a Fourier transform
Defining the Fock state expansion of the transverse position states by
the wave functions in impact parameter and momentum space are related by
Using the above relations the transverse density (2.1) is given by a sum of absolute squares of wave functions in impact parameter space,
where e k is the fractional electric charge of constituent k (thus quarks and antiquarks contribute with opposite signs). For reasons of symmetry, the density ρ 0 (b) of a target with given helicity can depend only on the magnitude b = |b| of the impact parameter. When the target is polarized in the +x-direction the dependence on the azimuthal angle φ b is given by the Pauli form factor F 2 ,
The density ρ x (b) of a transversely polarized particle may be expressed as a local charge density as in (2.6), with ψ λ n → (ψ λ=1/2 n + ψ λ=−1/2 n )/ √ 2. These formally exact relations are the relativistic generalizations of the traditional interpretation of the form factors in terms of a charge distribution in ordinary 3-dimensional space. The traditional analysis is valid when the constituents move non-relativistically and Q is small enough that their recoil can be neglected. LF wave functions naturally appear in (2.6) since the photon interacts with all constituents at the same LF time x + = t + z.
Using the closure of Bessel functions,
equations (2.1) and (2.7) may be inverted. The form factors are thus expressed in terms of the charge densities as
The local j + (0) current in the matrix elements of (2.1) and (2.7) may be generalized 2 to the non-local operator of GPD's [2, 3, 4] ,
This allows the transverse densities to be measured as a function of the longitudinal momentum fraction x of the struck quark.
which differs from (2.6) only through the constraint δ(x − x k ) that the momentum fraction x k of the struck quark be equal to x. The same expression applies to
We may now apply the above expressions to the |eγ Fock state of a QED electron localized at b = 0. According to (2.4) x e ≡ x = 1 − x γ , b e ≡ b = −(1 − x)b γ /x and we denote m e ≡ m. The impact parameter wave functions are expressed in terms of the momentum space ones as in (2.5), Using the A + = 0 gauge momentum space wave functions given in [8, 13] and the identity
It is interesting to notice that there is no explicit factor of m associated with wave functions in which the electron helicity flips. The m-dependence appears through the index of the Bessel K-function, which also indicates the value of the orbital angular momentum L eγ between the electron and the photon.
The |eγ wave functions determine the electron densities at O (α) in QED according to (2.11),
1/z and so the densities become more peaked at low b 1/m as x → 1. This illustrated in Fig. 1 where we plot the b-dependence of (1 − x)ρ 0 (x, b) 2π 2 /αm 2 at x = 0 and x = 1. We note that the electron nevertheless has a broad distribution in impact parameter for all x. Due to the constraint i x i b i = 0 in (2.4) we might have expected ρ 0 (x, b) → δ 2 (b) for x → 1 (where x γ = 1 − x → 0). However, the photon impact parameter b γ = −xb/(1 − x) → ∞ in this limit, allowing ρ 0 (x, b) to remain wide. This feature is specific to QED. For hadrons confinement imposes b γ 1/Λ QCD , forcing b → 0 as x → 1.
The sin φ b -dependence in ρ x (x, b) arises from one unit of angular momentum. Hence it is natural that this part of the density is less peaked (by a factor b) than ρ 0 (x, b) as b → 0, and vanishes for x → 0 (since b γ → 0 in this limit).
Impact parameter analysis of form factors
According to (2.9) the anomalous magnetic moment of the electron is given by its charge density as
This is an exact relation, valid to all orders in α. There is an intuitive, classical argument [2] for the density difference in (3.1) (and hence the anomalous magnetic moment) to be positive. The density ρ x given by (2.7) is the matrix element of the j + = j 0 + j 3 current at x + = 0 of a particle with spin along the positive x-axis. As illustrated in Fig. 2 , for a classical spinning body j 3 (y > 0) = −j 3 (y < 0) > 0. Consequently we may expect that ρ Intuitive arguments like this are not reliable by themselves 3 , but as shortcuts to known correct results they may help in picturing the dynamics of relativistic interactions, in the spirit of Feynman's challenge [7] . Analogous arguments have been used to interpret the sign of single spin (Sivers) asymmetries observed in semi-inclusive DIS [12] .
Using the QED expressions (2.15) for the transverse densities in the general relation (2.9) the Pauli form factor of the electron is at O (α) given by
where (3.3) is the standard textbook [15] result obtained from the loop integral. Since the Pauli form factor is UV finite the integral in (3.2) is regular and the equivalence of (3.2) and (3.3) may be verified numerically. At Q 2 = 0 (3.2) gives the standard O (α) result for the anomalous moment,
The representation (3.2) of F 2 (Q 2 ) allows to investigate the transverse size distribution of |eγ Fock states which contribute to the Pauli form factor of the electron at any Q 2 . Analogous studies have been made in terms of GPD models for the nucleon [16, 17] . For Q 2 → ∞ at fixed x it is generally expected that only compact Fock states with b 1/Q contribute to form factors, based on the uncertainty principle and in accordance with the Brodsky-Lepage dynamics [18] of exclusive form factors. At the endpoints x 0, 1 on the other hand contributions of large transverse size may become important. The transverse size of the |eγ Fock state is given by |b e − b γ | = b/(1 − x), and thus increases as x → 1.
If the leading contribution to F 2 (Q 2 ) in the limit Q 2 → ∞ comes from small impact parameters (b → 0) the Bessel K-functions in (3.2) are evaluated at small argument, thus K 0 (mb) log(1/mb) and K 1 (mb) 1/mb. Then, with t = bQ,
which agrees with the leading Q 2 → ∞ behavior of the explicit expression (3.3). This confirms that only small impact parameters contribute to the Pauli form factor of the electron at high Q 2 . The convergence to small b is fairly slow. As shown in Fig. 3 the integral in (3.2) gets contributions of O (10%) up to b 0.5/m even when Q 2 = 100 m 2 .
The O (α) expression for the Dirac form factor F 1 (Q 2 ) of the electron is obtained from (2.9) and (2.15):
The usual IR singularity appears through the denominator 1 − x, and the UV behaviour as the logarithmic singularity at b = 0, since
in the brackets is regular, and arises from the wave function where the electron flips its helicity. Renormalization of the UV singularity in (3.6) leaves a pointlike contribution (b 1/Q) to F 1 (Q 2 ), which at large Q 2 is of O Q 0 (up to logarithms). The b 1/Q contribution to F 1 (Q 2 ) from the term where the electron helicity flips is suppressed by a factor m 2 /Q 2 . However, the low b approximation for this term gives an integral which diverges for large b ≡ u/m,
Thus the power suppressed (higher twist) contributions to the electron's Dirac form factor cannot be restricted to small impact parameters (b → 0) at any Q. As we noted above, the impact parameter of the photon, and hence also the transverse size of the |eγ Fock state, increases for x → 1. A similar behavior is expected for quark fluctuations q → qg in hadrons. This could affect the color transparency of Fock states recoiling in a nucleus. The rescattering amplitude is proportional to the dipole moment (transverse size) of the fluctuation, r ⊥ = b/(1 − x). Thus suppression of rescattering requires that the Fock states which contribute to the form factor remain compact even when weighted with r ⊥ . At fixed x < 1 the r ⊥ -weighted leading twist contribution to the b-integral in (3.6) is similar to the one in the Pauli form factor, which we found to be dominated by compact Fock states. However, the x-integral ∼ dx/(1 − x) 2 is linearly divergent at x = 1, suggesting possible contributions from this end-point.
The fluctuating phase evident in Fig. 3 originates from the J 1 (bQ) Bessel function in (3.2) and reflects the phase of a photon of wavelength 1/Q probing transverse distances of O (b). It is interesting to compare this case of exclusive form factors (x bj = 1) with the case of Deeply Exclusive Meson Production, γ * (Q 2 )A → M A at low x bj . In the latter situation the relevant size of the Fock states of the meson M is determined by the wave function of a virtual photon with large longitudinal momentum, which decreases exponentially for b 1/Q according to a Bessel K 0,1 (bQ)-function (see, e.g., the Appendix of [19] ). Hence the Fock state size distribution stays limited even when multiplied by an arbitrary power of b. In fact, the positive evidence for Color Transparency indeed comes from meson electroproduction [20] , whereas a measurement of the nucleon form factor in a nuclear environment failed to see a signal for color transparency [21] .
Distribution of the electron spin in x and b
It is interesting to study how the spin of the electron is transferred to its |eγ Fock state. The Ji sum rule [22] ,
expresses the J z = 1 2 of a proton as a sum of the total helicity 1 2 ∆q and orbital angular momentum L z q of quarks plus the gluon spin contribution J z g . These contributions are related to GPD's and thus in principle measurable. Recently the e → eγ system was used [11] to study the difference between (4.1) and an alternative decomposition [23] .
Here we shall study how the electron spin is carried locally in (x i , b i ) by its |eγ Fock constituents. The wave functions (2.14) of A + = 0 gauge are appropriate for this, since the photon only has transverse polarization states. The expectation values of the electron helicity λ e , the photon helicity λ γ and the orbital angular momentum L z eγ = −i∂ φ b are well-defined and allow a physical interpretation.
The normalization of the O (α) Fock state is proportional to the density
2) We define the expectation value of the electron helicity λ e in the |eγ Fock state of a parent electron with helicity λ as
where S z e = 1 2 σ z is the electron spin operator. When integrated over the electron impact parameter λ e λ is proportional to the spin dependent distribution g 1 (x) of the electron. The expectation values for the photon helicity and the angular momentum are defined analogously. For an electron with positive helicity λ = + 1 2 the wave functions (2.14) give
We note that the expectation values add up the electron helicity locally in x and b:
which could be anticipated since this relation holds separately for each wave function in (2.14). The individual spin contributions depend on x and b, as seen in Fig. 4 . ; −λ e , λ γ . When S x e x is integrated over the electron impact parameter it is proportional to the transversity distribution h 1 (x) of the electron. We find at O (α),
As seen in Fig. 5 the electron carries all of the transverse spin as x → 1, while it contributes an amount ∝ x at low x. These features are qualitatively the same at all impact parameters b of the electron.
Discussion
As emphasized long ago by Feynman [7] it is important to gain intuitive insight into the properties of relativistic systems. The understanding of the exact relation between measurable form factors and charge densities in impact parameter space [1, 2] important advance in this regard, which has allowed depicting hadron shapes [5, 6] directly from form factor data. The extension to Generalized Parton Distributions makes it possible to study the impact parameter densities as a function of the longitudinal momentum fraction.
Here we applied these methods to the QED electron, motivated both by an improved understanding of the electron in its own right, and regarding it as template for hadrons. We found that the impact parameter distribution of the electron in the |eγ Fock state does not shrink to a point even as its momentum fraction x → 1. This is possible because the transverse distribution of the photon grows without bound in this limit. This is qualitatively different from QCD hadrons, where confinement limits all impact distributions to b i 1/Λ QCD . Comparisons between the electron and hadron form factors cannot, however, be taken too literally since the electron carries charge, whereas hadrons are color neutral. This will affect higher order Sudakov effects induced by the emission of soft and collinear gauge bosons.
We showed that the transverse size of the Fock states which contribute to the leading order Dirac and Pauli form factors of the electron tend to zero as the momentum transfer Q → ∞. However, the convergence is fairly slow and does not apply to the higher twist (power suppressed) contributions. If the distributions are weighted by the transverse size of the Fock state, as would be relevant for color transparency in a nucleus, the size distribution diverges linearly as x → 1. The situation is qualitatively different in the case of meson electroproduction, where the Fock state size is determined by a photon wave function which decreases exponentially for b 1/Q (except at the endpoints).
The spin of the parent electron is carried in a non-trivial way by its |eγ constituents. Since the electron mass m is the only dimensionful scale, the distributions scale in bm and x. There is no mass dependence in the helicity flip of the electron: as the mass decreases the spin flip shifts to a correspondingly larger impact parameter. In the limit b → 0 the electron constituent carries the full spin, while the photon helicity and orbital angular momentum remain large and cancel each other. The constituent electron carries all of the transverse spin of its parent as x → 1, but its transversity is ∝ x at low values of x.
